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We calculate the torque on an ideal (point) dipole moving with constant velocity through uniform
electric and magnetic fields.
I. INTRODUCTION
The torque on an electric dipole p, at rest in a uniform
electric field E, is
N = p×E. (1)
The torque on a magnetic dipole m, at rest in a uniform
magnetic field B, is
N = m×B. (2)
But what if the dipole is moving, at a constant velocity
v? It is well known that a moving electric dipole acquires
a magnetic dipole moment1
mv = −(v × p), (3)
so one might guess that the torque on a moving electric
dipole in uniform electric and magnetic fields would be2
N = (p×E) + (mv ×B). (4)
Similarly, a moving magnetic dipole acquires an electric
dipole moment3
pv =
1
c2
(v ×m), (5)
and one might guess that the torque on a moving mag-
netic dipole would be
N = (m×B) + (pv ×E). (6)
But these formulas are incorrect; in each case there is a
third term:4
Np = (p×E) + (mv ×B) + v × (p×B), (7)
Nm = (m×B) + (pv ×E) + v × (pv ×B). (8)
In general, then,
N = (p×E) + (m×B) + v × (p×B). (9)
Our purpose in this note is to derive that result.5
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FIG. 1. Electric dipole.
II. ELECTRIC DIPOLE IN MOTION
An electric dipole consists of positive and negative
charges ±q separated by a displacement d (Figure 1).
The force on a point charge is
F = q (E+ v ×B) , (10)
so the torque6 on a dipole of moment p = qd is
N = (r+ × F+) + (r− × F−)
= (r+ − r−)× [q (E+ v ×B)]
= qd× (E+ v ×B)
= (p×E) + p× (v ×B). (11)
Using the vector identity p × (v ×B) = v × (p ×B) +
(p× v)×B, the previous result becomes
N = (p×E) + (mv ×B) + v × (p×B). (12)
That is surely the easiest way to obtain Eq. (7) (it
borrows from an argument by V. Namias7). But the
magnetic analog is not so straightforward,8 so let’s re-
peat the derivation, this time treating the electric dipole
as the point limit of a uniformly polarized object.9 Polar-
ization (P) and magnetization (M) together constitute
an antisymmetric second-rank tensor:
Pµν =
 0 cPx cPy cPz−cPx 0 −Mz My−cPy Mz 0 −Mx
−cPz −My Mx 0
 , (13)
and the transformation rule gives10
Pz=P
′
z, Px=γ(P
′
x−
v
c2
M ′y), Py=γ(P
′
y+
v
c2
M ′x), (14)
Mz=M
′
z, Mx=γ(M
′
x+vP
′
y), My=γ(M
′
y−vP ′x). (15)
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2We use primes for the “proper” (rest) system of the dipole
(S ′); no prime means the “lab” frame (S), through which
the dipole is moving with velocity v zˆ. Notice that if
M′ = 0, then M = −(v ×P), confirming Eq. (3), and if
P′ = 0, then P = (1/c2)(v ×M), confirming Eq. (5).
Now, suppose we have an electric dipole p0 at rest at
the origin in S ′:
P′(x′, y′, z′) = p0δ(x′)δ(y′)δ(z′). (16)
Assume first that p0 is perpendicular to v, say
p0 = p0 xˆ. (17)
Then
Px = γp0δ(x
′)δ(y′)δ(z′) = γp0δ(x)δ(y)δ(γ(z − vt))
= p0δ(x)δ(y)δ(z − vt), (18)
My = −vγp0δ(x′)δ(y′)δ(z′)
= −vp0δ(x)δ(y)δ(z − vt), (19)
and all other components are zero. According to the
Lorentz law, the force density is
f = ρE+ J×B, (20)
where11
ρ = −∇ ·P, J =∇×M+ ∂P
∂t
. (21)
In our case,12
ρ = −p0δ′(x)δ(y)δ(z − vt), (22)
∇×M=vp0 [δ(x)δ(y)δ′(z−vt) xˆ−δ′(x)δ(y)δ(z−vt) zˆ] ,
(23)
∂P
∂t
= −vp0δ(x)δ(y)δ′(z − vt) xˆ, (24)
so
J = −vp0δ′(x)δ(y)δ(z − vt) zˆ = −p0δ′(x)δ(y)δ(z − vt)v
(25)
and
f = −p0δ′(x)δ(y)δ(z − vt)[E+ (v ×B)]. (26)
The torque is
N =
∫
(r× f) d3r
= − p0
{∫
δ′(x)δ(y)δ(z − vt)r dx dy dz
}
×[E+ (v ×B)], (27)
where r = (x, y, z). The y and z components of the
integral are zero; the x component is13∫
xδ′(x)δ(y)δ(z − vt) dx dy dz =
∫
xδ′(x) dx = −1,
(28)
so
N = p0 xˆ× [E+(v×B)] = (p0×E)+p0×(v×B), (29)
which agrees with Eq. (11), and hence confirms Eq. (7)
for the case p0 perpendicular to v. (For this orientation
the electric dipole moments in S and S ′ are the same—
there is no Lorentz contraction. This can be confirmed
by integrating Eq. (18): p ≡ ∫ P d3r = p0.)
If p0 is parallel to v,
p0 = p0 zˆ, (30)
giving
Pz = p0δ(x
′)δ(y′)δ(z′) =
p0
γ
δ(x)δ(y)δ(z − vt), (31)
with all other components of P and M being zero. In
this case,
ρ = −p0
γ
δ(x)δ(y)δ′(z − vt) (32)
and
J = −vp0
γ
δ(x)δ(y)δ′(z − vt) zˆ, (33)
so that
f = −p0
γ
δ(x)δ(y)δ′(z − vt)[E+ (v ×B)]. (34)
The torque is
N =
p0
γ
× [E+ (v ×B)]. (35)
Because of Lorentz contraction, p = p0/γ—as is con-
firmed by integrating Eq. (31)—and again we recover
Eq. (7).
III. MAGNETIC DIPOLE IN MOTION
Now, suppose we have a magnetic dipole m0, at rest
at the origin, in S ′:
M′(x′, y′, z′) = m0δ(x′)δ(y′)δ(z′). (36)
Assume first that m0 is perpendicular to v, say
m0 = m0 xˆ. (37)
From the transformation rule,
Py=γ
vm0
c2
δ(x′)δ(y′)δ(z′)=
vm0
c2
δ(x)δ(y)δ(z−vt),(38)
Mx=γm0δ(x
′)δ(y′)δ(z′)=m0δ(x)δ(y)δ(z−vt). (39)
This time
ρ = −∇ ·P = −vm0
c2
δ(x)δ′(y)δ(z − vt), (40)
3∇×M=m0 [δ(x)δ(y)δ′(z−vt) yˆ−δ(x)δ′(y)δ(z−vt) zˆ] ,
(41)
∂P
∂t
= −v
2
c2
m0δ(x)δ(y)δ
′(z − vt) yˆ, (42)
so
J = m0
[
1
γ2
δ(x)δ(y)δ′(z − vt)yˆ − δ(x)δ′(y)δ(z − vt)zˆ
]
,
(43)
and
f = −vm0
c2
δ(x)δ′(y)δ(z − vt)E
+m0
[ 1
γ2
δ(x)δ(y)δ′(z − vt)yˆ − δ(x)δ′(y)δ(z − vt)zˆ]
×B. (44)
The torque is
N =
vm0
c2
(yˆ ×E)− m0
γ2
zˆ× (yˆ ×B) +m0 yˆ × (zˆ×B)
= (pv ×E) + (m0 ×B) + v × (pv ×B), (45)
in agreement with Eq. (8), for m0 perpendicular to v. (In
this orientation, the magnetic dipole moments in S and
S ′ are the same, as we confirm by integrating Eq. (39):
m ≡ ∫ M d3r = m0.)
If m0 is parallel to v,
m0 = m0 zˆ, (46)
giving
Mz = m0δ(x
′)δ(y′)δ(z′) =
m0
γ
δ(x)δ(y)δ(z − vt), (47)
with all other components of P and M being zero. In
this case ρ and ∂P/∂t vanish, leaving
J =
m0
γ
[δ(x)δ′(y)δ(z − vt) xˆ− δ′(x)δ(y)δ(z − vt) yˆ] ,
(48)
so
f =
m0
γ
[δ(x)δ′(y)δ(z − vt) xˆ− δ′(x)δ(y)δ(z − vt) yˆ]×B,
(49)
and the torque is
N =
1
γ
(m0 ×B), (50)
which is again consistent with Eq. (8) because in this
orientation pv = 0 and, integrating Eq. (47), m = m0/γ.
IV. HIDDEN MOMENTUM
In the presence of an electric field, a magnetic dipole
(a loop of electric current) carries “hidden momentum”14
ph = (1/c
2)(m×E) and hence also hidden momentum
Lh =
1
c2
r× (m×E). (51)
It is “hidden” in the sense that it is not associated with
overt motion of the object as a whole; it occurs in systems
with internally moving parts, such as current loops.15
The total angular momentum is the sum of “overt” and
hidden components:
L = Lo + Lh, (52)
and the torque is its rate of change:16
N =
dLo
dt
+
dLh
dt
= No +
1
c2
v × (m×E). (53)
Thus, combining Eqs. (9) and (53), the “overt” torque
on a moving dipole is
No = (p×E)+(m×B)+v×(p×B)− 1
c2
v×(m×E). (54)
By contrast, a (stationary) electric dipole has no
internally moving parts, and it harbors no hidden
momentum.17 However, when it is in motion it picks
up a magnetic dipole moment mv = −(v) × p [Eq. (3)]
that does carry hidden momentum,18 so Eq. (54) (with
m = mv) applies to this case as well.
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